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a b s t r a c t
We present an axisymmetric lattice Boltzmann model based on the Kupershtokh et al. multiphase model
that is capable of solving liquid–gas density ratios up to 103 . Appropriate source terms are added to
the lattice Boltzmann evolution equation to fully recover the axisymmetric multiphase conservation
equations. We validate the model by showing that a stationary droplet obeys the Young–Laplace law,
comparing the second oscillation mode of a droplet with respect to an analytical solution and showing
correct mass conservation of a propagating density wave.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
The lattice Boltzmann method (LBM) [1,2] is an efﬁcient numerical tool to solve the Navier–Stokes equations. This numerical
method can be systematically derived from the Boltzmann equations by means of a Hermite expansion approach [3]. In many
physically realistic ﬂow problems one has to deal with multiphase
ﬂows such as the contact angle hysteresis of a moving droplet on
a surface, a capillary rise in a cylindrical tube and droplet impact
on solid surfaces. To this end, several extensions have been proposed to support multiphase ﬂows in the LBM. In an early attempt,
Gunstensen et al. [4] studied a two-component ﬂuid lattice-gas
method. Shan et al. [5,6] were the ﬁrst to incorporate intermolecular interactions to achieve phase separation in LBM. A different
approach to model a multiphase ﬂuid was developed by Swift et al.
[7], who associated a free energy functional to the ﬂuid. In their
original form, these models lack the ability to achieve high density ratios across ﬂuid interfaces and suffer from spurious currents
near the liquid–vapor interface. In many engineering applications
density ratios range from 101 to103 , posing a serious limitation to
the applicability of these lattice Boltzmann models in their original form. Recently, Lee et al. [8] showed that the spurious currents
are caused by discretization errors in the computation of the multiphase force. These spurious currents can be reduced to machine
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precision by employing a potential form of the non-ideal pressure
and a isotropic central difference approximation scheme for the
multiphase force. Kupershtokh et al. [9] showed that it is possible to achieve density ratios of 106 when the multiphase force is
discretized by just a single-neighbour discretization scheme. The
ability to achieve high density ratios makes this model applicable
to many engineering applications. However, in this scheme the surface tension cannot be varied independently and spurious currents
still exist.
Recently the LBM was extended to support axisymmetric multiphase ﬂows. These axisymmetric simulations are effectively 2D
simulations in a cylindrical coordinate system. Therefore, the computational cost for axisymmetric 3D ﬂow problems is signiﬁcantly
lower in comparison to the same problem in a full 3D simulation.
Halliday et al. [10] was the ﬁrst to implement an axisymmetric
LBM for single-phase ﬂows. They introduced additional source and
sink terms to the evolution equation and showed that they recover
the 2D axisymmetric Navier–Stokes equations. This model was
improved by Lee et al. [11] who corrected a missing source term
related to the radial velocity. In addition, the method of Halliday
et al. was extended to support non-ideal ﬂows. Premnath et al.
[12] were the ﬁrst to implement an axisymmetric multiphase LBM.
Their model is able to achieve density ratios up to 10 and was further improved by Mukherjee et al. [13] to support density ratios
up to 103 and perform stable computations at lower viscosities.
In this improved model, they use a pressure-evolution based LBM
combined with a multiple-relaxation-time (MRT) collision model.
Another axisymmetric multiphase LBM model by Srivastava et al.
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[14] is based upon the widely used Shan–Chen model. In this model,
they add an extra contribution to the Shan–Chen multiphase force
to fully recover three-dimensionality in the system. However, large
density ratios (>30) could not be achieved due to the limits of the
original Shan–Chen model.
In this paper, we introduce a novel and easy-to-implement
axisymmetric isothermal multiphase model for high density ratio
ﬂuids. The proposed model is based on the axisymmetric LBM
of Srivastava et al. [14] combined with the multiphase model of
Kupershtokh et al. [9]. The combined model inherits all advantages
and disadvantages of the existing multiphase model by Kupershtokh et al., which we will not discuss in detail here. An extensive
study to the accuracy and stability of the Kupershtokh et al.
multiphase method can be found in [15]. Our implementation is discussed in Section 2. In Section 3 we present three validation tests.
First, we verify that a stationary droplet obeys the Young–Laplace
law. Then, we compare the second oscillation mode of an oscillating droplet with an incompressible analytical solution. Finally,
we show that the method correctly describes the propagation of a
density wave towards and away from the longitudinal z-axis. Our
main conclusions and limitations of the method are discussed in
Section 4.
2. Model derivation
We ﬁrst introduce the standard LBM. In the following subsections, we will gradually show the changes necessary to obtain a
fully functional axisymmetric isothermal multiphase LBM.

We use the common D2Q9 LBM, based on a two-dimensional
Eulerian lattice with nine velocities. For the time evolution of the
distribution function fi , we use the BGK approximation with a single
relaxation parameter  [2]. The time evolution is given by
ıt eq
(f (x, t) − fi (x, t)) + ıtSi (x, t),
 i

(1)

where x is the position, t is the time, ıt is the time step,  is the
eq
relaxation time, Si (x, t) is a source term, fi is the local equilibrium
distribution and ei is a discrete velocity set given by
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where u(x, t) is shifted by means of an internal/external force F. In
the past, different implementations of a body force, F, were proposed [16]. Here we use the forcing scheme by Guo et al. [17]



Si (x, t) = wi

ıt
1−
2



(

(ei − u) · F

+

cs2

(ei · u)(ei · F)
cs4

).

(5)

2.2. The extension to an axisymmetric method
In an axisymmetric ﬂow (Fig. 1), there is no ﬂow in the azimuthal
direction (u = 0) and mass conservation reads

∂
ur
+ ∇ c · (u) = −
r
∂t

(6)

where ∇ c ≡ (∂/∂z, ∂/∂r) is the gradient operator in a twodimensional Cartesian coordinate system (x → z, y → r) and u = (uz ,
ur ) is the ﬂuid velocity. The momentum equation reads
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ıt eq
(f (x, t) − fi (x, t)) + fi (x, t) + ıtSi (x, t)
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where hi is evaluated at fractional time steps. Srivastava et al. [14]
showed by means of a Chapman–Enskog (CE) expansion that when
hi has the following form



−

1
ur
+ 2 (eiz Hz + eir Hr )
r
cs

with ei = (eiz , eir ) and
,

Cr = 2

,

with  the ﬂuid viscosity. It is clear that Eqs. (6) and (7) have
additional contributions to the mass and momentum conservation
equations in comparison to 2D ﬂow in the (z, r)-plane. These contributions ensure local conservation of mass and momentum when
ﬂuid is moving towards or away from the longitudinal z-axis. The
single-phase LBM can be supplemented with appropriate sourceterms to recover the axisymmetric conservation Eqs. (6) and (7)
[14]. To this end, the evolution Eq. (1) is rewritten with an additional
source term hi

hi = wi

where cs2 = 1/3 is the lattice speed of sound in this single-phase
model and wi are the quadrature weights given by

⎧
⎨ 4/9

(3)
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2

fi (x, t),
i

fi (x + ei ıt, t + ıt) =

where the subscript FS denotes a fully symmetric set of points. The
eq
local equilibrium distribution function fi is a second-order Taylor
expansion of the Maxwell–Boltzmann distribution [2] and is given
by
eq
fi (x, t)

(x, t) =

where P is the ﬂuid pressure which in a single-phase LBM is given
by P = cs2  and C is given by

2.1. The lattice Boltzmann method

fi (x+ei ıt, t + ıt) = fi (x, t) +

The hydrodynamic quantities of the ﬂuid, such as density  and
velocity u are calculated as weighted sums of the distribution function fi

e
Hz = iz
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r
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− u2r
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(11b)

the resulting LBM solves the axisymmetric conservation equations
given by (6) and (7) in the limit of small Mach number. The velocity
derivatives inside (11) are approximated by a isotropic ﬁfth-order
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accurate ﬁnite difference scheme that will be given below (22). To
have consistent boundary conditions, we use a symmetry boundary
condition for the derivative evaluation at the axis and we impose a
zero derivative for all other boundaries.
2.3. The extension to a multiphase axisymmetric method
We employ a temperature-dependent body force to obtain a
multiphase ﬂuid [5]. Zhang et al. [18] proposed a body force of the
form
F(x, t) = −∇ U(x, t),

(12)

311

Table 1
Surface tension evaluated using (23). Here, A denotes the tuning parameter for the
axis
2D
and lv
denote the surface tensions obtained from full
multi-phase force, while lv
(2D) and axisymmetric simulations. We ﬁnd that the maximum relative error with
2D simulations is 1.3% for A = 0 and 3.2% for A =−0.152. An additional surface tension
lcs
was simulated by using the lattice speed of sound cs in (21). These results show
lv
an maximum relative error of 201% for A = 0 and 260% for A =−0.152. Simulation
parameters: Nz × Nr = 500 × 200,  = 1.5,  = 0.01.
T

A=0

0.9
0.8
0.7

A =−0.152

2D
lv

axis
lv

lcs
lv

2D
lv

axis
lv

lcs
lv

0.305
0.928
1.983

0.304
0.928
2.009

0.606
1.865
3.909

0.371
1.146
2.285

0.383
1.158
2.318

0.965
2.884
5.681

for which the overall effective ﬂuid pressure in the system becomes
P(x, t) = cs2 (x, t) + U(x, t).

(13)

In this notation, it is evident that a particular equation of state
(EOS) Pk can be obtained by simply adapting the choice for U accordingly
U(x, t) = Pk (x, t) − cs2 (x, t).

(14)

In this work, we will only consider the dimensionless van der
Waals (vdW) EOS


ck =



(15)



24T

(16)

where T = Tvdw /Tc is an effective temperature and Tc the critical
temperature, ck is the thermodynamic speed of sound at constant entropy,  = vdw /c is the density and c the critical density,
P = Pvdw /Pc is the pressure and Pc the critical pressure and  =
2

x) is a scaling parameter. Kupershtokh et al. [9] showed
Pc /c ( ıt
/
that for this vdW-EOS, the theoretical co-existence curve can be
fully reconstructed by using the Exact-Difference-Method (EDM)
forcing scheme and a special discretization for the body force
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where A is a tunable parameter. For A = 0 the scheme coincides with
a local approximation scheme and for A = 0.5 with a mean-value
approximation. The vdW co-existence curve is recovered by setting
A =−0.152 [9].
By means of a Taylor expansion for (x + ei ıt) one can ﬁnd a
continuum expression for the body force
F(x) ≈

×



18cs2
3
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(x)∇ (x) +

2
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2
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4
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where Faxis is given by
2
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8T
− 32 ,
3−

Pk = 

F(x) ≈

and can be identiﬁed as the cylindrical contribution to the multiphase force.
The meaning of cs in the Taylor expansion that leads to (21) is
ambiguous. When the lattice speed of sound (cs ) is used in (21), our
validation tests for the surface tension showed a discrepancy in the
range of 200–260% in comparison with full 2D simulations. By substituting the thermodynamic speed of sound ck in (21) instead, we
observe better consistency between the axisymmetric simulations
and fully 2D simulations as is shown in Table 1 of the next section.
Therefore, we use this substitution in the remainder of the paper.
We attribute this ambiguity to the current mathematical formulation of the multiphase LBM. We use a lattice Boltzmann scheme
that is derived from a single-phase ideal gas in which the speed of
sound is assumed constant. However, by imposing a non-ideal EOS
the speed of sound changes with density, which hence invalidates
the constant lattice speed of sound. Unfortunately a mathematical
proof of the validity of our substitution cannot be constructed at
this moment and is left for future work.
The evaluation of Faxis requires an approximation for the derivatives of
accurate up to order (ıt)4 . Therefore, we use the
following isotropic ﬁfth-order accurate ﬁnite difference approximations given by (22) [14]. We use a symmetry boundary condition
for the derivative evaluation at the axis and we impose a zero
derivative for all other boundaries.

2

(ıt) cs2
2



(x)∇∇ 2 (x) + 6A∇ (x)∇ 2 (x)


4

+ O((ıt) )

(19)

To fully recover axisymmetry in the multiphase force, we need
to use correction terms, similar to what has been done for the massand momentum conservation equations [14]. In cylindrical coor2

2

dinates, the Laplace operator is given by ∇ 2 ≡ ∂ /∂r 2 + ∂ /∂z 2 +
(1/r)(∂/∂r) = ∇ 2c + (1/r)(∂/∂r). Therefore, we can rewrite (19) as

Fig. 1. Schematics of the axisymmetric geometry in our LBM. The Cartesian coordinates (x, y) are replaced with the axisymmetric coordinates (z, r). Nr is the length of
the domain in the r-direction and Nz is the length in the z-direction.
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is 1.3% for A = 0 and 3.2% for A =−0.152, respectively. Our axisymmetric multiphase LBM is in excellent agreement with the full 2D
counterpart.

3. Results and validation
Our model is capable of achieving density ratios up to 103 . The
co-existence curve relating the equilibrium vapor density v and
liquid l density to the temperature T is plotted in Fig. 2. In the
remainder of this section we validate our axisymmetric isothermal multiphase LBM against three test cases. First, we compare
the pressure difference across the liquid–vapor interface of a stationary droplet of radius R0 for different temperatures T to the
Young–Laplace law. Then, we compare the second oscillation mode
of an oscillating droplet with its analytical solution. Finally, we
show that mass is correctly conserved by simulating a propagating density wave traveling towards and away from the longitudinal
z-axis.

R0

,

In this validation test we consider the problem of an oscillating
axisymmetric droplet immersed in a gas. An analytical solution to
the frequency and rate of damping of an oscillating droplet for arbitrary droplet radii, viscosity and surface tension was obtained by
Miller and Scriven [19] in the limit of an isothermal, incompressible and Newtonian ﬂuid. Here, we consider only the second mode
which is axisymmetric
ω2 = ω2∗ −



The pressure difference across the liquid–gas interface of a stationary 2D droplet with radius R0 is given by the Young–Laplace
equation
lv

3.2. Oscillating droplet validation

˛(ω2∗ )1/2
2

+

˛2
,
4

(24)

where

3.1. Stationary droplet validation

Pk =

Fig. 2. The co-existence curve relating the equilibrium densities v and l to the
temperature T for A = 0 (black diamonds and blue squares) and A =−0.152 (orange
diamonds and green squares). The simulation is capable of achieving density ratios
up to 103 and beyond. Simulation parameters: Nz × Nr = 150 × 100,  = 1.0,  = 0.01.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of the article.)

(23)

where lv = vdw /(Pc x) is the surface tension between the
liquid–vapor phase, R0 = R/x is the stationary droplet radius and
x = 1 is the lattice spacing in our LBM. Note that there is only one
radius of curvature in a two-dimensional system. In this validation
test, we check if the value of the surface tension in the present
axis is consistent with a full 2D simulation 2D . To this end,
model lv
lv
we perform simulations of a stationary droplet with radius R0 = 150
(lattice units) for three different temperatures T and two coupling
constants A. As boundary conditions for the axisymmetric simulation we use mid-grid specular reﬂection boundary condition on
the longitudinal z-axis, periodic boundary conditions in the r direction and a free-slip boundary condition at r = Nr . In the 2D lattice
Boltzmann simulation, we used periodic boundary conditions on
all sides.
The results of these simulations are summarized in Table 1.
When comparing the surface tension values between the full 2D
and the axisymmetric simulation, we ﬁnd that the maximum error

ω2∗

=

24

lv

R03 (2v + 3l )

,

(25)

and

√
25 l v l v
˛= √
√
√
2R0 (2v + 3l )( l l +

v v )

,

(26)

with v and l the kinematic viscosities of the vapor and liquid
phase, respectively.
In this test, we initialized the ﬂuid domain with an axisymmetric ellipsoidal drop, (r/Ra )2 + (z/Rz )2 = 1, where Ra , Rb are the
semi-principal lengths of the ellipsoid. The liquid and gas densities
are initialized as the equilibrium densities to the corresponding temperatures. We measure the time dependent radius R(t)
of the droplet along the longitudinal z-axis for 4 different initial
ellipsoid radii, see Figs. 3 and 4. Our simulation domain consists
of a free-slip boundary condition at the top, periodic boundary
conditions along the sides and the mid-grid specular reﬂection
boundary condition on the longitudinal z-axis. The oscillation frequency ω2 can be calculated by ﬁtting the temporal evolution of
the interfacial position with that of a damped harmonic oscillator f(t) = a + b exp(−ct) sin(ω2 t + d), where the interfacial position is
picked as the point in space where  = (v + l /2). We found that
the frequency ω2 for the four different droplet radii have a minimal
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Fig. 3. The temporal evolution of the interfacial position along the longitudinal zaxis for
four different initial conditions. We normalized the time by the capillary time
tc =

R03 /

lv

and the droplet radius R by its equilibrium radius R0 . Simulation
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Fig. 5. The disturbance density ﬁeld 1 as function of the position r is plotted
at different time stages, where tw = ck t/wd is the dimensionless time. Simulation
parameters: Nz × Nr = 1 × 2000,  = 0.6, T = 0.8,  = 1.8, A = 0.0,  = 0.01, l /v ≈ 10.

parameters: Nz × Nr = 500 × 250,  = 0.7, T = 0.8, A = 0.0,  = 0.01, l /v ≈ 10.

discrepancy in the oscillation frequency is not related to our
axisymmetric implementation. We also excluded that the discrepancy comes from ﬁnite size effects, therefore we suppose it may be
due to a discrepancy between the physics modeled in our simulation and the idealized incompressible analytical solution (24).
3.3. Wave propagation validation
In the limit of small density ﬂuctuations 1 /0  1, the
Navier–Stokes equations can be linearized up to ﬁrst order, where
1 is a density disturbance ﬁeld and 0 the background density
[24]. The resulting cylindrical wave-equation for the disturbance
ﬁeld 1 (x, t) in the inviscid limit reads
2

c 2 ∂1
∂ 1
− ck2 ∇ 2c 1 = k
.
2
r ∂r
∂t

Fig. 4. The temporal evolution of the interfacial position along the longitudinal
z-axis for four 
different initial conditions. We normalized the time by the capillary time tc =

R03 /

lv

and the droplet radius R by its equilibrium radius R0 .

Simulation parameters: Nz × Nr = 500 × 250,  = 0.72, T = 0.655, A =−0.152,  = 0.005,
l /v ≈ 130.

relative error of 6% and a maximum relative error of 8% at density ratio l /v ≈ 10 with respect to the incompressible analytical
solution (24). For density ratio of l /v ≈ 130, we found that the
oscillation frequency ω2 has a minimal relative error of 14.4% and
a maximum relative error of 15.8%. Relative frequency errors ranging from 8% to 12% in oscillating droplets are also observed in other
multiphase lattice Boltzmann models [13,20–23]. In order to show
that this frequency error is not related to our axisymmetric implementation, we performed a full 2D oscillating droplet simulation
at high density ratio. In this simulation, we used a square domain
with 500 lattice units in each direction with periodic boundaries.
We placed an ellipsoidal droplet with R0 = 150 (lattice units) in
the center of the domain with liquid and gas densities initialized as the equilibrium values to the corresponding temperature.
The density ratio for this case was l /v ≈ 130 with parameters
T = 0.655,  = 0.72, A =−0.152 and  = 0.005. The measured oscillation frequency ω2 showed a relative error of 13.1% with respect
to the analytical solution (24). We therefore conclude that the

(27)

Here, we check if the mass of a propagating density wave towards
and away from the axis is conserved and obeys the waveequation (27). The spatial temporal solution for the cylindrical
wave-equation (27) with an initial condition (r, 0) and a no-slip
boundary condition at r = R, is given by [25]
2
1 (r, t) = 2
R



R

∞

1 (r , 0)
0

n=1

J0 (kn r/R)J0 (kn r /R)
J1 (kn )

2

cos

ck kn
t r dr ,
R
(28)

where kn is the nth zero of J0 (k) = 0, R is the channel height and 1 (r ,
0) is the initial condition.
We initialized the ﬂuid domain with a uniform density 0 supplemented with a small disturbance 1 ﬁeld of width wd and
amplitude p in the center of the domain at tw = 0, where tw =
ck t/wd . In contrast to the oscillating droplet test, here we used the
no-slip boundary condition at the top boundary, periodic boundary conditions along the sides and the mid-grid specular reﬂection
boundary condition on the longitudinal z-axis. Furthermore, we set
 = 0.6 to be in the limit of small viscosity. Fig. 5 shows the disturbance ﬁeld 1 as function of the position r at different time stages for
both the simulation and analytic solutions (28). The initial density
disturbance causes two propagating waves in the system: one wave
traveling towards the longitudinal axis and one traveling away from
the longitudinal axis. Fig. 5 clearly shows that mass is conserved
in our simulation: there is a mass buildup in the wave traveling
towards the longitudinal axis and mass loss for the wave traveling
away from the longitudinal axis. We observe that the perturbed
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density ﬁeld in the simulation is in excellent agreement with the
analytical solution. There is a small departure from the analytical
solution at tw = 3.98 as shown in Fig. 5. This departure is most likely
caused by the dissipative nature of the LBM with  = 0.6, which is
not described by (27).
4. Conclusion and discussion
We presented an axisymmetric LBM for high density ratio multiphase ﬂows. The method is capable of achieving liquid-to-gas
density ratios up to 103 and higher. In order to recover the axisymmetric multiphase mass and momentum conservation equations
appropriate source terms are introduced in the lattice Boltzmann
evolution equation and in the multiphase force. The source terms
in the evolution equation ensure the correct modeling for the mass,
momentum and viscous tensors, while the source terms in the multiphase force ensure a correct surface tension in the model.
In our axisymmetric formulation of the LBM we used correction
terms for the multiphase force that scale with the lattice speed
of sound. We substitute the thermodynamic speed of sound for
the lattice speed of sound in this correction term. By doing so, we
observe better consistency with the fully 2D counterpart. A mathematical proof of the validity of this substitution cannot be provided
at this moment and is left for future work.
We validated the model by comparing the Young–Laplace pressure of the axisymmetric simulation with the full 2D simulations.
We observe a maximum relative error in the Laplace pressure
of 3.2%. Then, we validated the dynamics of an axially symmetric oscillating droplet with a known analytical solution. Here, we
observe a maximum relative error of 15.8%. Finally, we validate that
a propagating density wave moving towards and away from the
longitudinal z-axis correctly conserves mass and found excellent
agreement with the inviscid analytical solution.
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